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Abstract

In this paper, we continue the study of fuzzy soft sets and their applications. Besides the significance of energy and
A-energy of fuzzy soft sets for developing decision-making algorithms, these energies are also crucial for forming
data clustering algorithms. The main result of this work is the development of data clustering algorithms based on

the energies of fuzzy soft sets.
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1| Introduction

Information encountered daily in real environments is filled with uncertainties, imprecision, and ambiguities.
Every scientific discipline requires precisely defined data; otherwise, accurate reasoning is not possible. A
scientific discipline is the main reason researchers are increasingly interested in uncertainty modeling.

Standard mathematical tools often fail to solve such problems. Molodtsov [1] introduced soft set theory as a
new mathematical tool for dealing with uncertainties and imprecision. According to Molodtsov [1], soft set
theory has been very successful in various mathematical areas, including operations research, game theory,
measure theory, and most importantly, machine learning. Soon after the introduction of the soft set concept,
many operations on soft sets were defined [2], [7], all aimed at improving decision-making methods based on
soft sets. However, despite the wide application of soft set theory, many researchers have enhanced the theory

by introducing the concept of fuzzy soft sets [8].

Justifiably, there is a wealth of literature on fuzzy soft sets and their applications, including many
generalizations and their limitations. Order ranking and choice value are two different approaches applied in
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soft set theory and fuzzy soft set theory to decision-making problems. Works in which researchers have
examined decision-making problems contain vatious proposed algorithms [9], [14].

On the other hand, graph theory is one of the fundamental theories and mathematical tools in various
disciplines, including various areas of computer science and chemistry. Graph energy is a crucial concept
currently being studied by many researchers. The concept of graph energy was introduced by Gutman in 1978
in his work [15] as the sum of the absolute values of the graph's eigenvalues. Graph energy is currently
intensively studied [16], [20]. The basic concept in the study of graph energy is the investigation of matrices
and their properties, especially eigenvalues and singular values. In the work [13], the concept of fuzzy soft set
energy was defined, and an algorithm for efficient decision-making was presented.

In Section 2 of our paper, the basic concepts of soft set theory and fuzzy soft set theory, as well as their
energies, are outlined. Section 3 presents the main part of our work, introducing an innovative method for
clustering fuzzy soft sets based on the energies of fuzzy soft sets introduced in the work [13].

2 | Preliminaries
In this section, the basic concepts of fuzzy soft sets, as well as the numerical characteristics that characterize
fuzzy soft sets, called energies of fuzzy soft sets, will be presented [2], [3], [10], [13], [21].

To begin, as done in |21], defining a soft set requires us to consider a universe, denoted as U, which is the set
upon which we build the soft set. Next, we consider a set E, which represents the set of parameters. As is
well-known, we denote the power set of U as P(U). Let A ¢ E.

Definition 1 ([21]). A soft set, denoted as Fu, over the universe U, is a set defined by the mapping f, such
that f;: E > P(U), where f, (x) =0 ifx ¢ A.

As is customary, the mapping fj is called the approximate function of the soft set for each x € E. We can
also represent the soft set F5 over the universe U using ordered pairs. Such a representation is more intuitive,

as the soft set F, can be written as

Fa={(xfa(®) | x€ E fa(x) € P(U)}.
The set of all soft sets over the universe U is commonly denoted as S(U).

Definition 2 ([22]). A fuzzy set X over the universe U is defined by a function py that represents the mapping
py : U= [0,1], where py is called the membership function of X, and the value py(u) is referred to as the
degree of membership of an element u € U in the fuzzy set X.

Hence, a fuzzy set X over U can be represented as follows: X = {(ux(u)/u) | u € U, px(u) € [0,1]}. The set
of all fuzzy sets over the universe U is commonly denoted as F(U).

Next, we define fuzzy soft sets, similar to how it was done in [10].

Definition 3 ([10]). A fuzzy soft set, denoted as I}, over the universe U is a set defined by the function y,,
representing a mapping Y, : E = F(U), such that y,(x) = @ ifx & A.

Similar to fuzzy sets, v, is called the fuzzy approximate function of the fuzzy soft set I'y, and the value y, (x)
is a set called the x-element of the fuzzy soft set for all x € E. Therefore, a fuzzy soft set I'y over the universe,
U can be represented as a set of ordered pairs in the following way

[y = {(x,yA(x)) | x€ E,ya(x) € F(U)}.
The set of all fuzzy soft sets over the universe U is commonly denoted as FS(U).

In the following, we will use the following notations: T, I'g, I'c, ... for fuzzy soft sets, and Ya, Y8, Yc, ... for their
fuzzy approximate functions, respectively.
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There are also fuzzy soft sets with special characteristics, and for that reason, they have specific, distinct
names.

Definition 4 ([10]). Let I; be a fuzzy soft set. If y5(x) = @ for all x € E, then the fuzzy soft set I; is called
an empty fuzzy soft set, denoted as I'y.

Definition 5 ([10]). Let I; be a fuzzy soft set. If yo(x) = U for all x € E, then the fuzzy soft set I is called
an A-universal fuzzy soft set, denoted as I’y .

We can compare two fuzzy soft sets as follows.

Definition 6 ([10]). Let I; and I's be fuzzy soft sets. The fuzzy soft set Iy is a fuzzy soft subset of '3, denoted
as T, € T, if ya(x) € yg(x) forallx € E.

Definition 7 ([10]). Let Iy and I'p be fuzzy soft sets. The fuzzy soft sets I'y and Iz are fuzzy soft equivalent,
denoted as T, = Ty, if and only if y4(X) = yp(x) forallx € E.

Similarly to operations with classic sets, we can consider operations with fuzzy soft sets.

Definition 8 ([10]). Fuzzy soft set IS is the complement of fuzzy soft set Iy, such that y,e(x) = y4(x) for all
x € E, where y§ (%) is the complement of the set y5 ().

Definition 9 ([10]). The union of fuzzy soft sets I; and [y, denoted as I U Ty, is defined by the fuzzy
approximative function yagg(x) = ya(x) Uyp(x) forall x € E.

Definition 10 ([10]). The intersection of fuzzy soft sets I and I's, denoted as I, N Iy, is defined by the fuzzy
approximative function yaag(x) = ya(x) N yp(x) forall x € E.

The properties of the mentioned operations and relations defined with fuzzy soft sets can be found in [10],
and you can learn more about soft sets and fuzzy sets, as well as their operations, in [2], [3], [21], [22].

In the work [13], an innovative representation of fuzzy soft sets using well-known linear algebra concepts [23]
was introduced, i.e., the fuzzy soft set is uniquely expressed in the form of a rectangular matrix.

Definition 11 ([13]). Let Iy be a fuzzy soft set. Suppose U = {uy,u,...,un}, E = {x4,X5,...,X,} and A € E.
Then the fuzzy soft set I; can be represented by the Table 1.

Table 1. The fuzzy soft set I'_A.

| DN X4 X5 X,

U Byac) (W) Hyaa)(Un) e By (Ua)
u; uyA(xl)(uZ) HyA(xz)(uz) uyA(xn) (uz)
Un  Hyax) (um) Hya(x2) (um) v Hyaxp) (um)

where Wy, ) is the membership function of y,.

If a;; = p,yA(xj)(ui) for every i =1,2,...,m and every j = 1,2...,n, then the fuzzy soft set I} is uniquely

characterized by the matrix

d11 412 vt A1
_ | @21 @22 -+ dzn

[ij]mxn = :
dm1  9Am2 dmn

and is referred to as the fuzzy soft matrix of the fuzzy soft set Iy over the universe U, of size m X n.

Using the knowledge of linear algebra, especially eigenvalues and singular values of the matrix, similar to
graph theory, the concept of energy was defined in the work [13].
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Definition 12 ([13]). The energy of a fuzzy soft set Iy, denoted as E(T},), is defined as E(T,) = }i%; 0;, where

04 = 0y =+ = 0y = 0 are the singular values of the matrix A corresponding to the fuzzy soft set [y.

Definition 13 ([13]). The A-energy of a fuzzy soft set Iy, denoted as LE(Ty) is defined as LE(T}) = X2, o7,

where 0, = 0, = - = 0y = 0 are the singular values of the matrix A corresponding to the fuzzy soft set I'y.

Since singular values that are equal to 0 do not affect the value of energy and A-energy of the fuzzy soft set
Ia, we will assume that singular values are positive. Knowing the basic properties of matrices and eigenvalues,
as well as singular values, the A-energy of the fuzzy soft set can be determined in multiple ways, as follows:

LE(Tp) = 02(A) + 03(A) + -+ 04,(A) = tr(A - AT),
LE(Ty) =tr(A-AT) = Z|ai]-|2 =1 (A) + A, (A) + - + Ap (A),
Lj
where A;(A), A;(A), ..., A (A) are the eigenvalues of the square matrix A - AT.

In Section 3, we continue to study fuzzy soft sets in terms of their applications.
3 | Fuzzy Soft Data Clustering

The generally accepted stance is that distances and similarity coefficients play a crucial role in data clustering.
Clustering can also be performed based on the distance energies (A-energies) of fuzzy soft sets introduced in
the work [13]. Clustering algorithms are based on the distance between clusters, where each data point (Fuzzy
soft set) is initially placed in its own cluster, and then, by calculating the distance between clusters, the closest
clusters are merged at each step, continuing until we reach a single cluster. Let's assume we have k fuzzy soft
sets (Ta)1, (Ta)z2, -, (Ta)x, all defined on the universal set U. The clustering algorithms are given by the
following steps (The symbol C; is used to represent cluster i).

Step 1. Consider each fuzzy soft set as one cluster, i.c., let

C = {(FA)l}:CZ = {(FA)Z}: o, G = {(FA)k}-

Step 2. Using the classical Euclidean distance d on the real line, determine the distance between clusters C;

and C; using the formula

D(C;, C;) = min{d(E(a),E(b)) | a € C;,b € C;}.

Step 3. Integrate the two closest clusters (i.e., the clusters with the smallest distance).

Step 4. After integrating clusters, recompute the distance values between the newly obtained clusters.
Step 5. Repeat S7eps 3 and 4 until we reach a single cluster.

The mentioned algorithm is an energy-based clustering algorithm for fuzzy soft sets. However, the clustering
algorithm based on A-energy differs from the mentioned algorithm only in S#p 3. Specifically, for calculating
the distance between clusters, we use A-energy, i.e., we use the formula

D(C;, C;) = min{d(LE(a),LE(b)) | a € C;,b € C;}.

To illustrate the application of the formulated algorithms, let's consider the following real-wotld example.

Example 1. The example illustrates clustering of the performance of five different energy projects evaluated
by some experts. Based on the collected data, fuzzy soft sets (Iy)1, (T4)2, (Ta)3, (Ta)4 and (Iy)s are formed,
given by Tables 2-6:
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Table 2. Fuzzy soft set (I,), for the project P;.

(Ta)r e e e e

Xq 0.7 08 05 0.75
Xp 0.6 0.65 0.6 0.75

Table 3. Fuzzy soft set (Iy), for the project P,.

Ta)z e e, e3 e
x, 065 05 04 065
x, 045 055 07 05

Table 4. Fuzzy soft set (I'y); for the project Ps.

(Ta)3 € ] €3 €y
X; 0.75 0.65 0.45 0.75
X, 0.65 055 0.5 0.75

Table 5. Fuzzy soft set (I'y), for the project P,.

(Ta)s € ] €3 €y
X, 065 0.6 045 0.65
X, 0.55 045 0.75 0.6

Table 6. Fuzzy soft set (I'y)5 for the project Ps.

(Ta)s e ] €3 €4
X4 0.65 0.6 0.3 0.65
X, 0.55 0.45 0.7 0.55

Based on the presented fuzzy soft sets, we can determine their energies and find that

E((Ty),) = 2.0370,
E((Ty),) = 1.8348,
E((Ty)s) = 1.8993,
E((T),) = 1.9150,
E((Ty)s) = 1.8966.

Using the algorithm presented at the beginning of this section, we can cluster the data into the desired number
of clusters.

Table 7. Data clustering.

Number of Clusters Method Based on The Energy of Fuzzy Soft Set

5 {TD13 A2} A3}, {Ta)a}, {Ta)s}
{TD1} A2}, {Ta)3, (Ta)s3, {(Ta)a}
{13, {2} A3, (Ta)as (Ta)s}
(@13 A2, (Ta)3, (Ta)ar (Ta)s}
{(T)1, Tad2s (Ta)3, (Ta)s, (Ta)s}

=N W
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Now, we can determine the A-energies of the observed fuzzy soft sets, and we have

LE((Tn)1) = 3.6475,

LE((Ta)2) = 2.4999,

LE((Ty)3) = 3.2875,

LE((Ty)4) = 2.8350,

LE((Ta)s) = 2.5926.

Using the algorithm based on A-energy presented at the beginning of this section, we can cluster the data into
the desired number of clusters.

Table 8. Data clustering.

Number of Clusters Method Based on the A-Enetgy of Fuzzy Soft Set

5 {Ta) 1} ATa)2}, {Ta)3}, {(Ta)a}, {(Ta)s}
{Ta) 1} ATa)3}, {Ta)2, (Ta)s3, {(Ta) s}
{Ta) 1} AT}, {Ta)2, (Ta) 4, (Ta)s}
{Ta)1, (Ta) 33, {(Ta) 2, (Ta)as (Ta)s}
{(Ta)1, Ta)2, (Ta)z, (Ta) 4, (Ta) s}

=N W

If we look at the energies of the observed fuzzy soft sets representing data about the observed projects, we
can see that Project 1 has the highest energy. Project 1 has evenly represented all characteristics in both
members of the universal set, as well as an even representation of all different characteristics. Energy as a
numerical value depends on the overall system and reflects the interconnectedness of all characteristics and
their mutual dependence, which is the advantage of this method.

Another positive characteristic of energy is that we have unique decision-making, i.e., it is very rare for two
different fuzzy soft sets to have the same energy. In that case, we can consider the A-energies of such fuzzy

soft sets as an alternative method that gives us good results.
4| Summary and Conclusion

Each new property or characteristic of fuzzy soft sets has prompted further research and exploration to
establish comparisons, produce new generalizations, prove additional properties, or generate applications of
that property or characteristic, as is currently happening with fuzzy soft set energy. In this paper, we have
succeeded in integrating a characteristic from graph theory into the theory of fuzzy soft sets, in terms of tools
and mechanisms for constructing algorithms for data clustering. In line with the above, the main result of the
paper is the development of a clustering algorithm based on the energy and A-energy of fuzzy soft sets as
numerical characteristics that play a key role in decision-making problems as well.
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